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L-SERIES AND ISOMORPHISMS OF NUMBER FIELDS
HARRY SMIT
ABSTRACT. Two number fields with equal Dedekind zeta function are not necessarily isomor-
phic. However, if the number fields have equal sets of Dirichlet L-series then they are isomor-
phic. We extend this result by showing that the isomorphisms between the number fields are in
bijection with L-series preserving isomorphisms between the character groups.
1. INTRODUCTION
Kronecker [6] started a programme to characterise a number field and its extensions using
only information about the prime ideals (“primes” from now on). Gaßmann ([4, p. 671–672])
showed that number fields with the same Dedekind zeta function (called arithmetically equiv-
alent fields) need not be isomorphic. Even all local information does not suffice: Komatsu [5]
gave an example of two non-isomorphic number fields with isomorphic adele rings.
Fortunately, there has also been success: the Neukirch-Uchida Theorem ([11, Satz 2] and
[12, Ch. XII, §2]) states that two number fields with isomorphic absolute Galois groups are
necessarily isomorphic. Uchida ([20, Main Thm.], see also [12, Ch. XII, §2, Cor. 12.2.2]) proved
later that the link between a number field and its absolute Galois group is even stronger: the
automorphisms of a number field are in bijection with the outer automorphisms of the absolute
Galois group. As a drawback, the structure of the absolute Galois group is, even for Q, not very
well understood.
A reasonable object to consider next is the abelianized absolute Galois group. Although it is
well-understood by class field theory, it lacks the capacity to uniquely determine the underlying
field: Kubota ([7, §4]) gave a classification of the abelianized absolute Galois groups of number
fields, which was used by Onabe [14] to show that there exist non-isomorphic imaginary qua-
dratic fields with isomorphic abelianized absolute Galois groups. Stevenhagen and Angelakis
([1, Thm. 4.1]) gave an explicit form of the abelianized absolute Galois group for many imagi-
nary quadratic fields of low class number and found that most of these groups were isomorphic.
For any number field, there exists a Dirichlet L-series of a well-chosen character of odd prime
order that does not occur as a Dirichlet L-series of any other non-isomorphic number field,
see [3, Thm. 10.1], and the same holds for a pair of quadratic characters ([18, Thm. 2.2.2]).
Therefore, if two number fields share all L-series for characters of a certain prime order, then
they are isomorphic. However, these theorems do not provide explicit isomorphisms, hence the
question arises whether or not one can link the automorphism group of a number field to its
Dirichlet L-series.
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The main result of this paper is that when one considers the structure of the Dirichlet character
group of the absolute Galois group along with their Dirichlet L-series, then one can not only
recover the underlying number field, but also its automorphism group.
LetK andK 1 be number fields, and denote by qGK rls and qGK 1rls the l-torsion of the character
groups of their absolute Galois groups. Moreover, let IsoL-seriesp qGK rls, qGK 1rlsq be the set of
isomorphisms ψ : qGK rls „ÝÑ qGK 1rls such that χ and ψpχq have the same L-series for any
χ P qGK rls. We prove the following theorem:
Theorem A. Let K and K 1 be number fields, and let l be any prime number. There exists a
bijection
Θ : IsoL-seriesp qGK rls, qGK 1rlsq IsopK,K 1q.
The case l “ 2 was first proven by Gabriele Dalla Torre in his unpublished PhD thesis. The
idea of the construction of the map Θ is similar to the approach taken by Neukirch and Uchida:
they construct a bijection of primes that preserves the decomposition groups inside the absolute
Galois groups. Given a map ψ P IsoL-seriesp qGK rls, qGK 1rlsq, we first derive a bijection of primes
φ that is compatible with ψ. What follows is an application of the following theorem:
Theorem B. Let K and K 1 be number fields of the same degree, and let S be a subset of
the primes of inertia degree 1 of K . Suppose that for some finite extension L{K , S contains
SplpL{Kq except for a Dirichlet density zero set. Furthermore, suppose there exists an isomor-
phism ψ : qGK rls „ÝÑ qGK 1rls with an injective norm-preserving map φ : S Ñ PK 1 such
that
χppq “ ψpχqpφppqq
ThenK » K 1 and there is a unique σψ : K „ÝÑ K 1 such that the bijection of primes induced by
σψ equals φ on S except for finitely many exceptions.
To complete the proof of Theorem A, we check that the map that sends ψ to σψ is a bijection.
The proofs of both theorems rely heavily on the Grunwald-Wang theorem (see [2, Ch. X,
Thm. 5]), which allows for the creation of characters with specific values on any finite set of
primes. Furthermore, we use the Chebotarev density theorem ([13, Ch. VII, §13, p. 545]) to
bound degrees of extensions.
Lastly, we state a corollary that can be seen as an analogue of theorems about different types
of equivalence of number fields (such as arithmetical or Kronecker equivalence, [9, Ch. II &
III]), see for example the Main Theorem of [17] and [8, Satz 1]. Both theorems guarantee that
no density zero set of “exceptional primes” can exist.
Corollary. LetK andK 1 be number fields, and letS be a set of primes ofK of Dirichlet density
one. Suppose there is an isomorphism ψ : qGKrls „ÝÑ qGK 1rls with an injective norm-preserving
map φ : S Ñ PK 1 such that
χppq “ ψpχqpφppqq
for any χ P qGK rls and p P S . Then φ can be uniquely extended to a norm-preserving bijection
between all primes such that χppq “ ψpχqpφppqq for any χ P qGK rls and any prime p of K .
A natural follow-up question that is not considered in this paper is whether or not Theorem A
can be strengthened to include not just isomorphisms, but homomorphisms between number
fields.
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2. PRELIMINARIES
In this section we set up notation, introduce the main objects of study, and state some conve-
nient lemmas.
We fix an algebraic closure Q of Q throughout the entire paper. We denote number fields by
k, K ,K 1, and N , where usually N{Q is a Galois extension. We use p for the prime ideals ofK
(that we will call “primes”), q for the primes of K 1, and P for the primes of N .
The set of primes of a number field K is denoted PK , and the set of primes lying over
a rational prime p is denoted PK,p. Given a prime p P PK , we denote the norm of p by
Np :“ #`OK{p˘ “ pfp , where fp is the inertia degree of p. We denote the zeta function of K
by ζK .
For a field K , let GK be the absolute Galois group, K
ab be the composite of all abelian
extensions of K , and denote by GabK its Galois group over K . The dual, denoted
qGK , is the
group of all Dirichlet characters (i.e. continuous homomorphisms) GK Ñ Cˆ. For any prime
number l we denote by qGK rls the subgroup of qGK generated by characters of order l. Denote
by 1K P qGK the trivial character.
We use the following convenient notation: if P pT q is a polynomial, denote by rT nsP pT q the
coefficient of T n of P pT q.
Dirichlet characters.
Associated to every Dirichlet character χ P qGK is a unique finite cyclic extension Kχ{K of
degree equal to the order of χ such that χ factors through GalpKχ{Kq. Let p be a prime
of K unramified in Kχ{K and let Frobp be the Frobenius element in GalpKχ{Kq. We set
χppq :“ χpFrobpq. If p is a prime of K that ramifies inKχ{K , we set χppq “ 0.
Throughout the paper we will be concerned with the existence of characters with certain
properties (mainly with prescribed values at specific primes). For our purposes, the question
of whether or not such characters exist is answered by the Grunwald-Wang theorem [2, Ch. X,
Thm. 5]. It states the following: let p1, . . . , pn be primes of K , and let Kpi be the localization
of K at pi. For any 1 ď i ď n, let mi be an integer and let χi P qGKpi rmis. Then, aside from
a special case that occurs only when m :“ lcmpm1, . . . ,mnq is divisible by 4, there exists a
character χ P qGK rms such that χppiq “ χippiq.
We do not use the Grunwald-Wang theorem in its full generality; the following lemma suf-
fices.
Lemma 2.1. Let K be a number field and S “ tp1, . . . , psu a finite set of primes of K . Let
l be a prime number, and let ζ1, ζ2, . . . , ζs be l
th roots of unity. Then there exists a character
χ P qGKrls such that χppiq “ ζi for all 1 ď i ď s.
Proof. Any of the Kpi has an unramified Galois extension N of degree l obtained by adjoining
a pNpli ´ 1qth root of unity. Therefore there exists a local character χi that factorises through
GalpN{Kpiq such that χippiq “ ζi. The existence of χ, along with its order, is now guaranteed
by the Grunwald-Wang theorem. 
The L-series of a Dirichlet character.
Definition 2.2. Associated to any Dirichlet character χ P qGK is an L-series Lpχ, sq, defined by
Lpχ, sq “
ź
pPPK
`
1´ χppqp´fps˘´1.
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We define Lppχ, T q “ 1´ χppqT fp , so that
Lpχ, sq “
ź
pPPQ
ź
pPPK,p
Lppχ, p´sq´1.
The L-series can also be written as an infinite series:
(1) Lpχ, sq “
8ÿ
n“1
an
ns
,
with an P C. Any L-series converges for any s with Repsq ą 1, and two L-series are equal if
and only if all their coefficients are the same (see [19, Ch. 2, §2.2, Cor. 4]), i.e.
Lpχ, sq “ Lpχ1, sq ðñ rn´ssLpχ, sq “ rn´ssLpχ1, sq for all n P N,
where rn´ssLpχ, sq denotes an in the representation (1). Lastly, we remark that the L-series of
the trivial character is the Dedekind zeta function of the number field.
3. MAIN THEOREM
The main theorem establishes bijections between the following four sets of isomorphisms:
Definition 3.1.
‚ IsopK,K 1q is the set of field isomorphisms K „ÝÑ K 1.
‚ IsoL-seriesp qGK rls, qGK 1rlsq is the set of isomorphisms ψ : qGK rls „ÝÑ qGK 1rls for which
Lpχ, sq “ Lpψpχq, sq
holds for all characters χ P qGK rls.
‚ IsoPp qGK rls, qGK 1rlsq is the set of isomorphisms ψ : qGK rls „ÝÑ qGK 1rls for which there
is a norm-preserving bijection φ : PK Ñ PK 1 such that
χppq “ ψpχqpφppqq
for all χ P qGK rls and p P PK .
‚ Isoδ
P
p qGK rls, qGK 1rlsq is the set of isomorphisms ψ : qGK rls „ÝÑ qGK 1rls such that there
is a set S Ď PK of primes of Dirichlet density one and an injective norm-preserving
map φ : S Ñ PK 1 such that for any p P S and any χ P qGK rls the equality
χppq “ ψpχqpφppqq
holds.
Theorem 3.2. Let l be any prime number. There exist injective maps
IsoL-seriesp qGK rls, qGK 1rlsq IsoPp qGK rls, qGK 1rlsq IsopK,K 1q
Isoδ
P
p qGK rls, qGK 1rlsq
Θ3
Θ1
Θ2
Θ4
Θ5
such that Θ2 and Θ3 are mutual inverses, and Θ1 ˝Θ4 and Θ5 are mutual inverses. As a result,
the sets of isomorphisms are all in bijection.
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The remainder of the article is structured as follows. Section 4 can be seen as a “nuts and
bolts” section on isomorphisms between character groups. Maps Θ1, Θ2, and Θ3 are all the
identity map, and their properties are proven in Section 5, while Section 6 deals with maps Θ4
and Θ5. Map Θ4 does not require difficult techniques as any isomorphism of fields K
„ÝÑ K 1
induces an isomorphism qGK „ÝÑ qGK 1 along with a bijection of primes. MapΘ5 requires signif-
icantly more work: the main idea is to first find an automorphism of the Galois closure ofK with
properties concerning the bijection of primes attached to any element of IsoPp qGK rls, qGK 1rlsq.
We then show that this automorphism restricts to an isomorphism K „ÝÑ K 1.
4. ISOMORPHISMS BETWEEN CHARACTER GROUPS
The aim of this section is to show that any isomorphism ψ P IsoPp qGK rls, qGK 1rlsq is charac-
terised by its associated bijection of primes.
Lemma 4.1. For any ψ P IsoPp qGK rls, qGK 1rlsq there is a unique bijection of primes φ : PK Ñ
PK 1 such that
ψpχqpφppqq “ χppq.
Proof. Indeed, let φ1 and φ2 be bijections PK Ñ PK 1 such that
ψpχqpφ1ppqq “ χppq “ ψpχqpφ2ppqq
for any p P PK and χ P qGK rls, and suppose for a certain prime p˜ P PK that φ1pp˜q ‰ φ2pp˜q.
By Lemma 2.1 there exists a χ1 P qGK 1rls such that χ1pφ1pp˜qq “ 1 and χ1pφ2pp˜qq ‰ 1. Then
χ1pφ1ppqq “ ψ´1pχ1qppq “ χ1pφ2ppqq
is an immediate contradiction. 
Lemma 4.2. Let ψ P Autp qGK rlsq be an automorphism such that ψpχqppq “ χppq for all
χ P qGKrls and all p in a density one subset of the primes of K . Then ψ is the identity.
Proof. Consider the character χ˜ “ ψpχq{χ. By assumption, χ˜ppq “ 1 for a density one set
of primes, hence a density one set of primes splits completely in the extension Kχ˜{K . By the
Chebotarev density theorem rKχ˜ : Ks “ 1, implying ψpχq “ χ. 
Corollary 4.3. Letψ1, ψ2 P IsoδPp qGK rls, qGK 1rlsq. Suppose their corresponding maps of primes
φ1 and φ2 agree on a subset of the primes of density 1. Then ψ1 “ ψ2.
Proof. Apply the previous lemma to ψ1ψ
´1
2
. 
5. MAPS Θ1, Θ2, AND Θ3
We prove that the three maps Θ1, Θ2, and Θ3 of Theorem 3.2 can all be chosen as ψ ÞÑ ψ.
This establishes a bijection between the three sets. Each of the following subsections deals with
one of the maps.
The map Θ1.
This is a triviality: the conditions imposed on elements of IsoPp qGK rls, qGK 1rlsq are stronger
than those imposed on elements of Isoδ
P
p qGK rls, qGK 1rlsq. Hence the map Θ1 : ψ ÞÑ ψ is an
injective map IsoPp qGK rls, qGK 1rlsq Ñ IsoδPp qGK rls, qGK 1rlsq.
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The map Θ2.
This can be found in [3, Section 5]. For the sake of self-containedness, we include the argument
here as well. Let ψ P IsoPp qGK rls, qGK 1rlsq with associated norm-preserving bijection of primes
φ. Note that for any χ P qGK rls and p P PK we have χppq “ ψpχqpφppqq. Hence
Lppχ, T q “ 1´ χppqT fp “ 1´ ψpχqpφppqqT fφppq “ Lφppqpψpχq, T q.
It follows that Lpχ, sq “ Lpψpχq, sq, hence ψ P IsoL-seriesp qGK rls, qGK 1rlsq. Therefore the map
Θ2 : ψ ÞÑ ψ is an injective map IsoPp qGK rls, qGK 1rlsq Ñ IsoL-seriesp qGK rls, qGK 1rlsq.
The map Θ3.
We show that to any element ψ P IsoL-seriesp qGK rls, qGK 1rlsq we can attach a norm-preserving
bijection of primes φ : PK Ñ PK 1 , from which it follows that the map Θ3 can be defined as
ψ ÞÑ ψ. For the remainder of this section, suppose there exists an isomorphism ψ : qGK rls „ÝÑqGK 1rls such that Lpχ, sq “ Lpψpχq, sq for all χ P qGK rls. The following definition and lemma
allow us, in order to construct φ, to focus only on primes that lie over the same rational prime.
Definition 5.1. Let χ P qGK and let p a prime. The local factor at p is
Lppχ, T q :“
ź
pPPK,p
Lppχ, T q.
Lemma 5.2. Let χ P qGK , χ1 P qGK 1 . The equality Lpχ, sq “ Lpχ1, sq holds if and only if
Lppχ, T q “ Lppχ1, T q
for all rational primes p.
Proof. The “if” part is clear as Lpχ, sq “ ś
p prime
Lppχ, p´sq´1.
As Lppχ, p´sq is a polynomial in p´s and all Lppχ, p´sq have constant coefficient equal to 1,
we have
rp´jssLpχ, sq “ rp´jssLppχ, p´sq´1
for any rational prime p and any j P N. 
As ψp1Kq “ 1K 1 and ζKpsq “ Lp1K , sq, we find ζK “ Lp1K , sq “ Lp1K 1 , sq “ ζK 1 . Hence
K and K 1 have the same number of primes lying over every rational prime. Let p be a rational
prime and let p1, . . . , pn be the primes ofK lying over p, and q1, . . . , qn the primes ofK
1 lying
over p.
Lemma 5.2 asserts that Lppχ, T q “ Lppψpχq, T q for any χ P qGK rls, which reads
nź
i“1
p1´ χppiqT fiq “
nź
j“1
p1´ ψpχqpqjqT f 1j q,
where fi is the inertia degree of pi and f
1
j is the inertia degree of qj .
Note that the order of zero at T “ 1 on the left hand side is equal to the number of primes p
over p at which χppq “ 1, while on the right hand side it equals the number of primes q lying
over p for which ψpχqpqq “ 1. This equality proves the following lemma.
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Lemma 5.3. Let χi P qGK rls be any character that has value ζl “ expp2pii{lq on pi and value
1 on all other primes lying over p. The character ψpχiq has value 1 on all primes of K 1 lying
over p except at a single prime. 
Using the characters χ1, . . . , χn we define a map φ : PK,p Ñ PK 1,p, where φppiq is the
unique prime lying over p at which ψpχiq does not have value 1.
Lemma 5.4. The map φ is norm-preserving and we have ψpχiqpφppiqq “ ζl “ χippiq for any
1 ď i ď n.
Proof. By definition of χi we have
Lppχi, T q “ p1´ ζlT fiq
ź
j‰i
p1´ T fjq.
The trivial character 1K has a similar local L-series at p:
Lpp1K , T q “ p1´ T fiq
ź
j‰i
p1´ T fjq.
Expanding both products, we see in particular that
rT jsLppχi, T q “ rT jsLpp1K , T q
for all j ă fi. Focusing on the coefficient of T fi we find that
(2) Lppχi, T q ´ Lpp1K , T q “ p1´ ζlqT fi ` higher order terms.
We obtain a similar equality on the side of K 1. Let f 1
φppjq be the inertia degree of φppjq. Then
by Lemma 5.3
Lppψpχiq, T q “
´
1´ ψpχiqpφppiqqT f
1
φppiq
¯ź
j‰i
p1´ T f
1
φppjqq.
Therefore,
(3) Lppψpχiq, T q ´ Lpp1K 1 , T q “
`
1´ ψpχiqpφppiqq
˘
T
f 1
φppiq ` higher order terms.
Because Lppχi, T q “ Lppψpχiq, T q and Lpp1K , T q “ Lpp1K 1 , T q, we find by combining (2)
and (3) that fi “ f 1φppiq (thus φ is norm-preserving) and
ψpχiqpφppiqq “ ζl “ χippiq. 
Lemma 5.5. The map φ : PK,p Ñ PK 1,p has the property that χppq “ ψpχqpφppqq for all
χ P qGKrls and p P PK,p. In particular φ is independent of the choice of the characters χi.
Moreover, φ is a bijection.
Proof. Let 1 ď i ď n and let χ P qGK rls be any character of order l. By definition of χi, we
have that χχippq “ χppq for any p P PK,p unequal to pi. This implies that the order of zero at
T “ 1 of Lppχ, T q and Lppχχi, T q differs by at most one, and this difference can be attributed
entirely to the values of χ and χi at pi. Similarly by Lemma 5.3, ψpχqpqq “ ψpχχiqpqq for all
q | p except a single prime φppiq. Therefore the difference in the order of zero at T “ 1 depends
only on the values of ψpχq and ψpχiq.
Assume χppiq ‰ 0. We distinguish two cases for the value of χppiq:
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‚ Suppose χppiq “ 1. Then χχippiq “ ζl, hence the order of zero at T “ 1 of Lppχχi, T q
is one lower than the order of zero of Lppχ, T q at T “ 1. The same must therefore hold
for Lppψpχχiq, T q and Lppψpχq, T q, hence ψpχqpφppiqq “ 1.
‚ Suppose χ is unramified at pi, and χppiq ‰ 1. Then χppiq is an lth root of unity. Let k
be such that χppiq´1 “ ζkl “ χippiqk. Then χχki ppiq “ 1, while χχki ppq “ χppq for
all p ‰ pi lying over p. Thus the order of zero at T “ 1 of Lppχχki , T q is one higher
than Lppχ, T q. The same therefore holds for Lppψpχχki q, T q and Lppψpχq, T q. Hence
ψpχχki qpφppiqq “ 1, which combined with Lemma 5.4 shows that ψpχqpφppiqq “
ψpχiqpφppiqq´k “ ζ´kl “ χppiq.
This shows that χppq “ ψpχqpφppqq for all p lying over p and all χ P qGK rls, provided that
χppq ‰ 0.
We now show that φ : PK,p Ñ PK 1,p is a bijection. AsK and K 1 have the same number of
primes lying over p, it suffices to show φ is injective. Let pi, pj P PK,p such that φppiq “ φppjq.
The character χi has value ζl at pi, hence ψpχiq has value ζl at φppiq by the first part of this proof.
However, χi has value 1 at all primes in PK,p other than pi, hence
χippjq “ ψpχiqpφppjqq “ ψpχiqpφppiqq ‰ 1
can only hold if pi “ pj .
We end this proof by showing that if χ is ramified at pi, then ψpχq is ramified at φppiq.
Suppose χ is ramified at pi, i.e. χppiq “ 0. Then χχippq “ χppq for all p P PK,p, hence
Lppχ, T q “ Lppχχi, T q. Thus we have Lppψpχq, T q “ Lppψpχχiq, T q. We already know that
ψpχqpφppqq “ ψpχχiqpφppqq for any p P PK,p unequal to pi, henceź
pPPK,p
p‰pi
Lφppqpψpχq, T q “
ź
pPPK,p
p‰pi
Lφppqpψpχχiq, T q.
As φ is a bijection PK,p Ñ PK 1,p it follows from this equality combined with the equal-
ity Lppψpχq, T q “ Lppψpχχiq, T q that Lpipψpχq, T q “ Lpipψpχχiq, T q, i.e. we have that
ψpχqpφppiqq “ ψpχχiqpφppiqq. As ψpχχiqpφppiqq “ ζl ¨ ψpχqpφppiqq, we conclude that
ψpχqpφppiqq “ 0. 
This shows there is a norm-preserving bijection φ : PK Ñ PK 1 such that for all χ P qGK rls
and p P PK we have
ψpχqpφppqq “ χppq.
Hence Θ3 : ψ ÞÑ ψ is a well-defined injective map.
This establishes the bijections Θ1, Θ2, and Θ3. We end this section with a corollary of the
proven result.
Corollary 5.6. Let ψ P Isoδ
P
p qGK rls, qGK 1rlsq. The associated injective norm-preserving map of
primes φ : S Ñ PK 1 can be extended uniquely to a bijection of primes φ : PK Ñ PK 1 for
which
ψpχqpφppqq “ χppq
for all χ P qGK rls and p P PK .
L-SERIES AND ISOMORPHISMS OF NUMBER FIELDS 9
Proof. If φ extends to a bijection PK Ñ PK 1 , we know it extends uniquely by Lemma 4.1. Fol-
lowing maps Θ2 and Θ3, we see that ψ P IsoPp qGK rls, qGK 1rlsq, i.e., there is a norm-preserving
bijection φ1 : PK Ñ PK 1 such that for any χ P qGK rls and any p P PK we have
χppq “ ψpχqpφ1ppqq.
We show that φ1 extends φ in a manner similar to Lemma 4.1. Let p P S , then
ψpχqpφppqq “ χppq “ ψpχqpφ1ppqq
for any χ P qGK rls. If φppq ‰ φ1ppq, then by Lemma 2.1 there exists a character χ1 P qGK 1rls such
that χ1pφppqq “ 1 and χ1pφ1ppqq ‰ 1. We obtain a contradiction by setting χ “ ψ´1pχ1q. 
6. MAPS Θ4 AND Θ5
In this section we construct an injective maps between IsopK,K 1q and IsoPp qGK rls, qGK 1rlsq
and between Isoδ
P
p qGK rls, qGK 1rlsq and IsopK,K 1q. The majority of the section is devoted to the
map Θ5: it is constructed by first moving to the Galois closure, finding a suitable automorphism
of this Galois closure, and then showing that this restricts to an isomorphism K „ÝÑ K 1.
Elements of IsopK,K 1q, IsoPp qGK rls, qGK 1rlsq, and IsoδPp qGK rls, qGK 1rlsq come equipped
with a bijection of primes, and they are uniquely determined by this bijection of primes (see
Corollaries 4.3 and 6.3). To show that Θ1 ˝ Θ4 and Θ5 are mutual inverses, we prove that both
maps (after being defined) “preserve the bijection of primes”, that is, we show that the bijection
of primes associated to an element is the same as the bijection of primes of the image of this
element under either Θ1 ˝Θ4 or Θ5.
The map Θ4.
Any field isomorphism σ : K „ÝÑ K 1 has an associated bijection of primes PK Ñ PK 1 , also
denoted by σ. Furthermore, σ induces an isomorphism of Galois groups GabK 1
„ÝÑ GabK given by
conjugation with any τ : Kab „ÝÑ `K 1˘ab that is an extension of σ (the map is independent of
the choice of τ ). By dualizing we obtain a map
(4) ψσ : qGK rls „ÝÑ qGK 1rls.
Let χ P qGK rls be any character. Restricting τ to Kχ gives an isomorphism Kχ „ÝÑ Kψσpχq.
Hence χ is ramified at p P PK if and only if ψσpχq is ramified at σppq. Let p P PK be
a prime at which χ is unramified. Let Frobp P GalpKχ{Kq be the Frobenius element at p
and let Frobσppq P GalpK 1ψσpχq{K 1q be the Frobenius element at σppq. The aforementioned
map GabK 1
„ÝÑ GabK has a quotient GalpK 1ψσpχq{K 1q „ÝÑ GalpKχ{Kq that maps Frobσppq to
Frobp. As a result, for any p P PK and χ P qGK rls we have ψσpχqpσppqq “ χppq. Thus
ψσ P IsoPp qGK rls, qGK 1rlsq, with corresponding bijection of primes σ : PK Ñ PK 1 . This
proves the following corollary:
Corollary 6.1. For any field isomorphism σ : K „ÝÑ K 1 there is a group isomorphism ψσ :qGK rls „ÝÑ qGK 1rls such that
ψσpχqpσppqq “ χppq,
for any χ P qGK rls and p P PK .
Define the map Θ4 by σ ÞÑ ψσ. We prove that it is injective.
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Lemma 6.2. Let K{k be an extension of number fields, σ P AutpK{kq, and p a prime that lies
over a totally split prime in k. If σppq “ p, then σ is the identity.
Proof. We first consider the case where K{k is Galois. The action of GalpK{kq on the primes
of K lying over p X k is transitive. Moreover, #GalpK{kq “ rK : ks equals the number of
primes lying over pX k, thus an automorphism of K is uniquely determined by the image of p.
For the general case, denote by N the Galois closure (over k) of K . As p X k is totally
split in K , it is totally split in all of the Galois conjugates of K{k, whose union is N . Thus
p X k is totally split in N as well. Let τ be any extension of σ to N , and let P be any prime
lying over p. As σppq “ p, τ permutes the primes lying over p. This implies that there exists
a τ 1 P GalpN{Kq such that ττ 1pPq “ P, as GalpN{Kq acts transitively on the primes lying
over p. By the previous paragraph, ττ 1 is the identity. As τ 1 P GalpN{Kq, we conclude that
τ P GalpN{Kq, hence σ is the identity. 
Corollary 6.3. Let σ1, σ2 P IsopK,K 1q. If they induce the same bijection of primes, then they
are equal.
Proof. Apply the previous lemma to σ1σ
´1
2
. 
Lemma 6.4. The map Θ4 : σ ÞÑ ψσ is injective.
Proof. Suppose σ1 and σ2 have the same image. By Corollary 6.1 and Lemma 4.1, σ1 and σ2
the induce the same bijection of primes, hence by Corollary 6.3 we have σ1 “ σ2. 
The map Θ5.
In this section we constuct a map Θ5 : Iso
δ
P
p qGK rls, qGK 1rlsq Ñ IsopK,K 1q that is an inverse of
the composite Θ1 ˝Θ4 : IsopK,K 1q Ñ IsoδPp qGK rls, qGK 1rlsq. For brevity we refer to Dirichlet
density simply as “density”. The main theorem we prove is Theorem B:
Theorem 6.5. Let K and K 1 be number fields of the same degree, and let S be a subset of
the primes of inertia degree 1 of K . Suppose that for some finite extension L{K , S contains
SplpL{Kq except for a density zero set. Furthermore, suppose there exists an isomorphism
ψ : qGK rls „ÝÑ qGK 1rls with an injective norm-preserving map φ : S Ñ PK 1 such that
χppq “ ψpχqpφppqq
ThenK » K 1 and there is a unique σψ : K „ÝÑ K 1 such that the bijection of primes induced by
σψ equals φ on S except for finitely many exceptions.
We begin by deducing that the desired result follows from this theorem.
Corollary 6.6. The map Θ5 : Iso
δ
P
p qGK rls, qGK 1rlsq Ñ IsopK,K 1q given by ψ ÞÑ σψ is a
(two-sided) inverse to Θ1 ˝Θ4.
Proof. Let ψ P Isoδ
P
p qGK rls, qGK 1rlsq. It has an associated injective norm-preserving map of
primes φ : S Ñ PK 1 , where S Ď PK is of density one. Let S 1 be the image of φ.
Lemma 6.7 below guarantees that the density of S 1 is one as well. As S has density one, there
is a rational prime p unramified in K{Q such that all primes lying over p are contained in S .
The degree of K equals the sum of all inertia degrees of the primes lying over p, and as φ is
norm-preserving and injective it follows that rK 1 : Qs ě rK : Qs. By repeating this argument
for S 1 and φ´1 : S 1 Ñ S , we obtain rK 1 : Qs “ rK : Qs.
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The theorem now provides an isomorphism σψ because φ is defined on all but a zero density
subset of the primes of inertia degree 1.
Let ψ P Isoδ
P
p qGK rls, qGK 1rlsq and consider ψσψ “ pΘ1 ˝Θ4 ˝Θ5qpψq. By Theorem 6.5 and
Corollary 6.1 we find that the maps of primes associated to ψσψ and ψ agree everywhere except
on a density zero set of primes. It follows from Corollary 4.3 that ψσψ “ ψ. The injectivity of
Θ1 ˝Θ4 guarantees that Θ5 ˝Θ1 ˝Θ4 is the identity map as well. 
Lemma 6.7. Let K and K 1 be number fields. Let S Ď PK . Suppose there is an injective
norm-preserving map φ : S Ñ PK 1 , and assume that S has a Dirichlet density δpS q in the
primes of K . Then the density of the image of φ in PK 1 exists and equals δpS q.
Proof. Denote the image of φ by S 1. Let s P C with Repsq ą 1. By [10, Ch. 7, §2, Cor. 1], we
have for sÑ 1 that ř
pPPK Np
´s
logp1{ps ´ 1qq Ñ 1.
The same holds for
ř
pPPK1 Nq
´s.
As S has Dirichlet density δpS q, we have
lim
sÑ1
ř
pPS Np
´sř
pPPK Np
´s “ δpS q.
Moreover, as φ is a norm-preserving bijection S Ñ S 1,ÿ
pPS
Np´s “
ÿ
pPS
Nφppq´s “
ÿ
qPS 1
Nq´s.
It follows that
lim
sÑ1
ř
qPS 1 Nq
´sř
pPPK1 Nq
´s “ limsÑ1
ř
qPS 1 Nq
´s
logp1{ps ´ 1qq “ limsÑ1
ř
pPS Np
´sř
pPPK Np
´s “ δpS q. 
The idea of the proof of Theorem 6.5 is as follows: let N be a Galois extension of Q con-
taining K 1 and L (hence also K). We show that there is a σ P GalpN{Qq that “agrees” with
φ on many primes (this is made more precise in Definition 6.9), and that this σ restricts to an
isomorphism K „ÝÑ K 1. This approach is motivated by the following lemma, which makes a
descent from N toK possible based only on a condition on the primes:
Lemma 6.8. Let N{Q be a Galois extension, and K and K 1 subfields of N of the same degree.
Let σ P GalpN{Qq, p be any rational prime that is totally split in N , and fix a prime p | p of
K . Suppose that q :“ σpPq XK 1 is independent of the choice of the prime P | p of N . Then σ
restricts to an isomorphism K „ÝÑ K 1.
Proof. By assumption σ maps any prime of N lying over p to a prime of lying over q. Because
p is totally split in N{Q, both p and q split into rN : Ks “ rN : K 1s primes in N . Therefore σ
bijectively maps the primes lying over p to the primes lying over q.
Let τ P GalpN{K 1q and consider the action of σ´1τσ on the primes ofN lying over p. IfP is
any prime lying over p, then pτσqpPq lies over q, hence by the previous paragraph pσ´1τσqpPq
lies over p. Therefore σ´1τσ permutes the primes lying over p. As p is totally split in N , an
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element in GalpN{Qq is uniquely determined by the image of P,. Because GalpN{Kq acts
transitively on the primes lying over p, it follows that σ´1τσ P GalpN{Kq. Hence we find
GalpN{σ´1K 1q “ σ´1GalpN{K 1qσ Ď GalpN{Kq,
and thus σ´1K 1 “ K as the sets have equal cardinality. 
For the remainder of this section, assume that the conditions of Theorem 6.5 hold.
Definition 6.9. Let σ P GalpN{Qq andP a prime ofN lying over p, a prime ofK contained in
S . We say that σ follows φ at P if σpPq lies over φppq.
Lemma 6.10. There exists a σ P GalpN{Qq such that the set
Pσ :“ tP P PN : fP “ 1, PXK P S and σ follows φ at Pu
has positive density in the primes of N .
Proof. Note that for any P P PN with inertia degree 1 we have that P XK splits completely
in N{K , hence PXK P SplpL{Kq. As S contains SplpL{Kq except for a set of density zero,
the set
SN “ tP P PN : fP “ 1, PXK P S u
has density one in the primes of N .
As N{Q is a Galois extension, GalpN{Qq acts transitively on the primes lying over any
rational prime p. In particular, for any primeP | p there exists a σ such that σpPq | φppq. Henceď
σPGalpN{Qq
Pσ
is the entire set SN and therefore a set of density one. Because GalpN{Qq is finite, there
must exist a σ for which the set Pσ has positive density, in fact the density will be at least
1{rN : Qs. 
For the remainder of this section, we fix σ to be the element of GalpN{Qq found in the
previous lemma. In order to relate this automorphism of N to the character group qGK rls, we
make use of a map qGK rls Ñ qGN rls that is “almost injective”, which allows us to study the
action of σ on the characters of GK .
Definition 6.11. Define ιK,N : qGK Ñ qGN as the dual of the map
GabN Ñ GabK
σ ÞÑ σˇˇ
Kab
.
For brevity we denote ιK :“ ιK,N and ιK 1 :“ ιK 1,N .
Remark 6.12. The extension NιKpχq{N associated to ιKpχq is the composite of fields N and
Kχ, hence the (finite) kernel of ιK consists precisely of the characters χ such that Kχ Ď N . If
χ is a character of order l, NιKpχq{N is an extension of degree either 1 or l. If P is a prime of
N such that χ is unramified at p :“ P X K , then ιKpχqpPq “ χppqrFP:Fps. In particular, if p
splits completely in N{K , then ιKpχqpPq “ χppq.
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Lemma 6.13. The map
α : qGKrls Ñ qGN rls
χ ÞÑ ψσpιKpχqq{ιK 1pψpχqq,
where ψσ “ Θ4pσq is defined as in (4), has finite image. As a result, its kernel has finite index.
Proof. Denote the density of Pσ by δ. For every prime in Pσ we have that σ follows φ, i.e. if
P P Pσ and P | p, then σpPq | φppq. Let χ P qGK rls be any character, and let P P Pσ such
that χ is unramified at p :“ PXK . AsP and therefore σpPq have inertia degree 1, p and φppq
split completely in N{K . By Remark 6.12 we have
ιK 1pψpχqqpσpPqq “ ψpχqpφppqq “ χppq “ ιKpχqpPq “ ψσpιKpχqqpσpPqq.
thus αpχqpσpPqq “ 1, i.e. σpPq splits in the extension associated to the character αpχq. Note
that as Pσ has density δ, so does σ
`
Pσ
˘
, e.g. by Lemma 6.7.
We now argue by contradiction: suppose the image contains infinitely many characters.
Choose infinitely many different θ1, θ2, ¨ ¨ ¨ P qGN rls in the image of α. Denote by Nθi the ex-
tension associated to θi. The composite of all Nθi is an infinite extension of N , as only finitely
many (different) characters can factor through a finite Galois group. Therefore there is an n P N
such that the compositeM “ Nθ1Nθ2 . . . Nθn (which is Galois over N ) is of degree larger than
1{δ over N . Each of these characters ramifies at finitely many primes, hence for any 1 ď i ď n
the character θi has value 1 on all but finitely many primes of σ
`
Pσ
˘
. This implies that there
is a density δ subset of the primes of N such that every prime in this set splits completely in
each of the extensions Nθi{N . Hence all these primes also split completely inM{N , and by the
Chebotarev density theorem we have rM : N s ď 1{δ, which is a contradiction. 
The finite index subgroups of qGK rls all contain many characters of a specific form, as made
precise by the following definition and lemma.
Definition 6.14. Let p be a rational prime, p P PK,p, and define Xp Ď qGK rls as the set of
characters χ of order l with the following properties:
(1) χppq “ ζl p“ expp2pii{lqq; and
(2) χpp˜q “ 1 for all p˜ P PK,p unequal to p.
By Lemma 2.1, this set is non-empty.
Lemma 6.15. Let U be a finite index subgroup of qGK rls. Then for all but finitely many primes
p ofK , there is a character χp P Xp contained in U .
Proof. We give a proof by contradiction. Enumerate the primes for which the condition does not
hold (there are infinitely many by assumption) by p1, p2, . . . and define pi “ pi X Z. As only
finitely many primes of K lie over a certain pi, we may assume (by removing some of the pi if
necessary) that all pi are different.
Using Lemma 2.1, we create for any i P N a character χi P qGK rls such that
‚ χi is unramified at all primes lying over p1, p2, . . . , pi; and
‚ χi has value 1 at all primes of K lying over p1, . . . pi, except pi, where it has value ζl.
We have χi P Xpi and by assumption χi R U . We show that χi and χj do not lie in the same
coset of qGK rls{U . Assume without loss of generality that i ă j. By construction χj has value 1
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at all primes ofK lying over pi. Moreover χiχ
´1
j ppiq “ ζl, thus we have χiχ´1j P Xp, hence by
assumption χiχ
´1
j R U . It follows that qGKrls{U has infinitely many cosets; a contradiction. 
Lemma 6.16. The automorphism σ P GalpN{Qq restricts to an isomorphism K „ÝÑ K 1.
Proof. We consider two criteria for rational primes p:
(1) the prime p lies in SplpN{Qq and every prime of N lying over p is contained in SN ;
(2) for any p P PK,p there exists a character χp P Xp such that χp P kerpαq.
As SN has density 1 in the primes of N , there exist infinitely many rational primes p that meet
the first criterium. The kernel of the map α of Lemma 6.13 has finite index, hence we can apply
the previous lemma, from which it follows that all but finitely many rational primes p meet the
second criterium. Hence there exists a rational prime p that meets both. Fix this prime for the
remainder of the proof.
Because p splits in N{Q, it also splits in both K{Q and K 1{Q. As all the primes of N lying
over p are contained in SN , all primes of K lying over p are contained in S . As a result, φ
bijects the primes ofK and the primes ofK 1 lying over p.
Let p be any prime of K lying over p. By Lemma 6.8 it suffices to prove that σpPq XK 1 is
independent of the choice of P | p. We prove this by showing that σpPq X K 1 “ φppq. The
character χp has value 1 on all primes lying over p except p, and because all primes of K lying
over p are contained in S it follows that ψpχpq has value 1 on all primes of K 1 lying over p
except φppq.
Because χp P kerpαq we have
ιK 1pψpχpqq “ ψσpιKpχpqq,
which combined with Remark 6.12 yields the following chain of equalities:
ψpχpqpσpPq XK 1q “ ιK 1pψpχpqqpσpPqq “ ψσpιKpχpqqpσpPqq “ ιKpχpqpPq “ χpppq.
The value of χpppq is unequal to 1 by construction, hence ψpχpqpσpPq X Kq ‰ 1. However,
ψpχpq has value 1 on all primes lying over p except φppq, hence we conclude that σpPq XK “
φppq. 
We assert that σ
ˇˇ
K
induces the same map of primes S Ñ PK 1 as φ except for finitely many
exceptions. The composite map
qGK rls Ñ qGK rls Ñ qGN rls
χ ÞÑ ψσ|K pχq{ψpχq ÞÑ ιK 1
`
ψσ|K pχq{ψpχq
˘ “ ψσpιKpχqq{ιK 1pψpχqq
is the map α described in Lemma 6.13, hence has finite image. As the second map has finite
kernel by Remark 6.12, the first map must have finite image as well. This implies that the
kernel tχ : ψσ|K pχq “ ψpχqu of the map χ ÞÑ ψσ|K pχq{ψpχq is of finite index in qGK rls. An
application of Lemma 6.15 guarantees that for all but finitely many primes p P S we have a
character χp P Xp such that
ψσ|K pχpq “ ψpχpq.
Because ψσ|K pχpqpσ
ˇˇ
K
pp˜qq “ χpp˜q for any prime p˜ P PK , the character ψσ|K pχpq has value 1
on all primes of K 1 lying over σ
ˇˇ
K
ppq X Z, except σˇˇ
K
ppq, where it has value ζl. However,
ψσ|K pχpqpφppqq “ ψpχpqpφppqq “ χppq “ ζl,
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hence φppq “ σˇˇ
K
ppq. 
To conclude the proof of Theorem 6.5 we show that there is only one isomorphism K „ÝÑ K 1
with this property. Suppose we have two such isomorphisms, say σ1 and σ2. They induce the
same map of primes on all but a density zero set of SplpL{Kq. In particular there is a prime p
that is totally split inK and a prime p | p such that σ1ppq “ σ2ppq. An application of Lemma 6.2
shows that σ1 “ σ2.
Remark 6.17. There exist isomorphisms ψ : qGK rls „ÝÑ qGK 1rls which have an associated map
of primes on a positive density set that cannot be extended to the full set PK . For example, let
K “ K 1 “ Q, l “ 2, and let p be a rational prime congruent to 1 mod 4. The characters of order
2 are in bijection with the elements ofQˆ{`Qˆ˘2. For d P Qˆ{`Qˆ˘2, let χ?
d
be the character
associated to Qp?dq{Q. Define the map
ψ : qGQr2s Ñ qGQr2s
χ?
d
ÞÑ
$&
%
χ?
d
if
´
d¨|d|p
p
¯
“ 1;
χ?´d if
´
d¨|d|p
p
¯
“ ´1.
This map is an isomorphism (ψ ˝ ψ “ id qGQr2s) that abides ψpχqpqq “ χpqq for all primes q
congruent to 1 mod 4. For primes congruent to 3 mod 4 this equality does not hold, hence the
prime bijection cannot be extended. A similar construction can be made for characters of higher
order.
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